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LEGENDA:

a) — Initiere

b) — Extindere

¢) — Dezvoltare
d)-k) — Generalizare



Capitolul 1
Metoda SOS*

,.Dictionar: X = Eternul necunoscut
Y = Prastia alfabetului.”
Tudor Musatescu
Sunt adevarate afirmatiile:

a> >0, YaeR, cu egalitate pentru a =0 .

(a—b)ZZO, Va, b e R, cu egalitate pentru a =5 .
a’+b*+c*>ab+bc+ca, Va, b, ce R, cu egalitate pentru a=b=c.
(a+b+c)2 >3(ab+bc+ca), Va, b, c e R, cu egalitate pentru a =b=c.

2 {a>0 : . -b

ax"+bx+c20, VxeR< ,-cu egalitate pentru A=0 si x=—-.

A<0 2a
a<x<b<(x—a)(x—b)<0, cuegalitate dacd x=a sau x=5.
a3+b3+c3—3abc=(a+b+c)(a2+b2+cz—ab—bc—ca),Va,b,ce]R.
@’ +b’ +c >3abc, Va, b, ¢=0, cu egalitate pentru a=b=c .

1 - 1 > 1 ,
(1+a) (1+b) l+ab
a’*+b>+c*=a+b+c, Ya, b, c>0 si abc =1, cu egalitate pentru a=b=c=1.

1

(a+b+c)[l+%+—j29, Ya, b, c>0, cu egalitate pentru a=b=c.
a c

Ya, b>0,cu ab>1.

a+b 2ab(a+b), Va, b=0, cu egalitate pentru a=»5b.

3 3
+b +b .
4 >4 , VYa, b>0, cu egalitate pentru a=>.

a’*+ab+b*
3 J—
5 4 222(1 b, Va, b>0, cu egalitate pentru a=>5.
a +ab+b
V3 .
a“+ab+b ZT(a +b), Va, b >0, cu egalitate pentru a=>.
Teorema SD5
. . S . | F(x,»,0)20
Fie F(x, y, z) un polinom omogen si simetric. Daca = F(x,y,2) 2 0.
F(x,1,1)>0

* SOS method = Sum of Squares = sumi de pitrate
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1.1. a) Fie a, b, ¢ > 0 astfel incat abc = 1. Aratati ca:

2 2
cla+b°)+1
a+b 2\a b ¢
Daniel Sitaru, Drobeta Turnu-Severin

b) Fie a, b, ¢, d > 0 astfel incat abcd = 1. Aratati ca:

d(a3+b3+c3)+1 4(1 1 1 lj
> >—| —+—+=+—]|.
a+b+c 3la b ¢ d

Marin Chirciu
1.2. a) Fie x, y > 0 astfel incét x + y = 2. Aflati minimul i maximul expresiei
1 1
E(x,y)= + .
( y) x> =3x+5 Y -3p+5
S:L19.329 din SGM 12/2019, Dan Andrei Tudor, elev, Bucuresti

b) Fie x, y > 0 astfel incat x + y = 2. Aflati minimul si maximul expresiei
1 1

E(x’y):f—ax+2a—l+y2—ay+2a—l’unde1Sa£4'
MATCH 12/2019
1.3. a) Daca x > 0 atunci:
) 1 27—2x
X’ +2 18
i) > e < n<d,

X+n o (n+4)
b) Fie a, b, ¢ > 0 astfel incat a + b + ¢ = 6. Aratati ca:

2 2 2
a b c
i + + <2.
)a2+2 P*+2 *+2
2 2 2
i) —2 b ¢ <12 nde0<n<4

2 + 2 + 2 -
a“+n b +n c +n n+4
1.4. a)Dacda, b,c>0si a* +b* +c* +ab+bc+ca=6, atunci
1 1 1 9
2 + 2 + 2 < 2
a+2 b +2 c°+2 (a+b+c)
RMM 03/2020, Nguyen Viet Hung, Vietnam
b)Dacia, b, c>0si a’ +b*> + ¢’ =3, atunci:
1 1 1 9
2 + 2 + 2 = 2
a+2 b +2 42 (a+b+c)

c)Dacida, b,c>0si a’ +b> +c> =3 sin> 1, atunci:

1 1 1 27

— +——+—F—< =
a’+n b’+n c’+n (n+1)(a+b+c)

MATCH 08/2020
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1.5. Rezolvati in multimea numerelor reale:

8
a) 4‘/x 2+1 SWxt =X +1<2x7 —3x+2. b) 3/x —x+1<x* —x+3.
8
o) R —xr1+34% 2” =2(x* -3x+4).

JP.304, 21-RMM Summer Edition 2021, Hoang Le Nhat Tung, Vietnam
d) Vxt —x?+1<2x* -3x+2. e) Rxt—x+1<x*=x+3.

f) 3§/x2 -x+1 +\/x4 -x*+1 =2(x4 —3x+4).

IneMath 2020
1.6. Fiea, b, ¢ > 0 astfel incat abc < 1. Aratati ca:
1 1 1 3

a + + >,
) a3(b+c) b3(c+a) c3(a+b) 2
G.380, Recreatii Matematice 1/2020, D.M. Batinetu-Giurgiu, Bucuresti si
Neculai Stanciu, Ploiesti
b) ! ! ! ,unde A > 0.

+ + >
a3(b+kc) b’ (c+ka) c3(a+7ub) A+1
C) ! + ! ++ ! > 3
a”(b-l—?»c) b”(c+7\,a) c"(a+7»b)—?»+1
1.7. a)Fie a, b, ¢ > 0. Aritati ci (a2 +b° +¢? )2 > 3(a3b+b3c+c3a).

GM 7-8/1992, Vasile Cartoaje

,A>01arne N, n>2.

b) Rezolvati in mulfimea numerelor reale
a+b+ct=a’+b +c’
{a3b+b3c+03a=3 ‘
JP.304, 21-RMM Summer Edition 2021, Hoang Le Nhat Tung, Vietnam
1.8. Dacaa, b, c>0siabc=1sin =0, atunci:

1 1 1 1 1 1
a + + > + + .
a’+a b’+b c+c (a2+b2+2 b*+c*+2 cz+a2+2j
RMM 1/2020, Tritrotoluen 1/2020

b 1 N 1 N 1 S 4 1 N 1 N 1
na*+a nb>+b nct+c n+l\ad?+b*+2 P+ +2 AF+at+2)

0 [ S 4( 1 N 1 N 1 j
a*+na b +nb A +ne n+l\add+b*+2 b+ +2 F+at+2)
IneMath 2020
1.9. Dacax, y < [0, 1], atunci:
X y < X+y

a) + < .
J22 45 V245 20 4297 +3
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x y 2
) J257 +5 s T
Inequality in triangle 1478, 03/2020, Mathematical Olimpiads
0 x Ly . x+y
\/ay2 +b \/ax2 +b \/ax2 +by’ +b—a
X h% 2
¥ \/ay2 +b ’ Jax® +b : Ja+b
1.10. a) Daca x > 0, atunci:

2
i) Vx'+8x <x?+2. ii) x(x3+a3)£x2+%,undea2x/§.

X (Bh+1)x-24
>
X2 +A (x+1)2

b) Fie x, y, z > 0 astfel incat x + y + z = 3. Determinati minimul expresiei:

3 3 3
X y z

+ + .
\/x4+8x \/y4+8y \/z4+8z
c)Fiex, y,z> 0 astfel iIncaitx + y +z=3sia >2 . Aratati ca:

3 3 3

X y N z S 6

\/x(x3 +a3) ’ \/y(y3 +a3) \/Z(ZS +a3) Ca+2
1.11. Dacd a, b, ¢ > 0 si abc = 1, atunci:

) ZMQ(;LLJ,

b

,unde 0 <a < b.

,unde 0 <a < b.

i) ,unde A > 1.

T =

Marin Chirciu

b+c “2la b ¢

JP.310, 21-RMM Summer Edition 2021, Daniel Sitaru, Drobeta Turnu-Severin

alb>+c*)+n
0y ( ) z”+2(1+1+1j,undensz.
b+c 2 \la b ¢
1.12. Fiex,y,z>0cux +y + z= 3. Aratati ca:
7_6)2C+7_6J2}+ 7_22 >1.
2+x7 24y° 24z

3n+1—3nx+3n+1—3ny+3n+1—3nz2 31,unden20-

b) 2 2 2
n+x n+y n+z n-+

1.13. a) Dacd a, b, ¢ > 0, atunci:
a\3a® + 6% +b\3b + 6% + 3 +6a> > (a+b+c) .
Saudi Arabia Mathematical Competition, 2020
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b)Dacaa,b,c>0six>1,y>4,xy =4x + y, atunci:
a\/xa2 +yb’ +b\/xb2 + yc? +c\/xc2 +ya’ 2(a+b+c)2 .
¢) Daca a, b, ¢ > 0, atunci:
a{/9(a3 +2b3) er{/9(b3 +2c3) Jrc{/9(c3 +2a3) 2(a+b+c)2.

d) Daca a, b, ¢ > 0, atunci:
ayf27(a* +26*) + 327 (b* + 2% ) + {27 (c* +2a*) > (a4 b+ )’

e)Daciaa, b,c>0sin e N, n>2, atunci:
a3 (a"+26") + g3 (b7 + 20"+ g3 (" +207) 2 (a+b+c)'
MATCH 04/2020

1.14. a) Determinati valoarea minima a functiei:
4* +47
(2" +27)(2 +2)
Jalil Hajimir, Canada
b) Fie a > 0, a # 1, fixat. Determinati valoarea minima a functiei:
a* +a”
(a"” 4 ay)(ax + a“') '
1.15. Daci a, b, ¢ > 0 astfel incat a* +b> +¢* +ab +bc+ ca =6, atunci:
1 1 1 3
~+ >+ ==
(a+b) (b+c) (c+a) 4
Hoang Le Nhat Tung, Vietnam

f:RxR—)R,f(x,y)z

f:]Rx]R—)]R,f(x, y)=

1.16. Daca a, b, ¢ > 0, atunci:

1 1 1 ab+bc+ca 9
+ + + >,

(a+1)2 (b+1)2 (c+1)2 8 8
Hoang Le Nhat Tung, Vietnam
1.17. a) Fiea, b, ¢, d > 0 astfel incata + b + ¢ + d = 1. Aratati ca:
1
ab(1~c)tac(1=d)+ad(1-b)+be(1—d)+d(b+c)+ abed s%.
P.1122, Enjoy Solving Mathematics, Kunihiko Chikaya
b) Fie a, b, ¢ > 0 astfel incat a + b + ¢ = 1. Arétati ca:

ab+bc+ca—abc££.
27
1.18. Daca a, b > 0, atunci:
a) 2(a’+b°)2(a" +b*)(a’ +1°).
b) Z(a"”‘ +b””‘)2 (a" +b")(ak +bk) ,unde n, k € N.
IneMath 2020
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1.19. Gasiti valoarea minima a expresiei:

a) (x+lj(x+l—2020j+(y+lj(y+l—2020j ,unde x, y > 0.
y y X X
Amir Sofi

b) (x+lj(x+l—2kj+(y+lj(y+l—2kj,undex,y>0, A > 2 fixat.
¥ ¥ X X

1.20. Daci a, b > 0, atunci:
) 3V ., 3 1 1
a)|a +b+—||b +a+—|=2|2a+— || 2b+—|.
4 4 2 2
Olimpiada Belarus 2005

b) (a2+b+n)(b2 +a+n)2(2a+n—%}[2b+n—%),undenZO.

1.21. Rezolvati in multimea numerelor reale:
X’ +x Y +y 4z

> ; > +1=0.
x+x+1 y +y+1 z'4+z+1

2 2 2
b) 2x X + 2y+y + ZZ " + 3 :O,unden>l.
X +x+n y +y+n z+z+n 4n-1 4
c) 31 + 31 +1=l+l.
X+x y 4y Xy
3
. 2a—
1.22. a) Daca a, b > 0, atunci —; 4 =2 a b.
a“~+ab+b 3
3
b) Fie x, y, z > 0 astfel incat o+ y+\/_=2.Aréta‘;icé ZLZE
X+ xy+y 3

Mathematika 05/2020, Julio Cesar Moroch Orlando
a+b S a+ b

a’ +ab+b* 3

¢) Daca a, b > 0, atunci

3+ 3
d) Fie x, y, z> 0 astfel incat Jx + y +\/;=2.Aréta‘;i ca ZMZi
X+ xy+y 3
a+b >a+b
a’ +hab+b*  A+2
f)Fiex,y,z>0astfelincét\/;+\/;+\/_=2§i7»20. Aratati ca:
\/x73+\/? S 4

Xty A+2

e) Daca a, b > 0si A >0, atunci

Dezvoltari, Marin Chirciu
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1.23. a) Daca x, y, z > 0, atunci:
(x+y)(y+Z)(Z+x)2g(x+y+z)(xy+yz+zx).
b) Fie x, y, z numere reale pozitive astfel incat xyz (xy +yz+ Zx) =3 . Aratati ca:
(Zx2 —xy+ 2y2)(2y2 —yz+ 222)(222 —zx+ 2x2) >27.
J519 Mathematical Reflections, Hoang Le Nhat Tung, Vietnam
1.24. Fie x, y > 0. Aratati ca:
2 22X+
a) RPN % . Rahim Shahbazov, Azerbaidjan
Yy X X' +y
3 32X+ )y
b) 2> #
y X X +y
x2y2
2x +3x%y* + )7

1.25. Daci x, y, z > 0 astfel incat xyz = 1, atunci z < % .
Mathematical Inequalities 5/2020, Vietnamez quiz
1.26. Daci x, y, z > 0, atunci:

3 3
+
a) x ) >\ x*—xp+)7.

X'+’

2 2

2 3 3 3 3 3 3
X zZm _x .+ +z " 4x
b) E AR RS y 2 +
X
2

x2+y2 y2+22 22+x2.

y oz
e -

c)—+—+—2\/x2—xy+y2+\/y2—yz+22+\/zz—zx+x2.
Yy oz X

Mathematical Inequalities 5/2020, Abdul Hannan
1.27. Dacd a, b, ¢ > 0 astfel incat a” +b*> +¢> =3, gasiti minimul expresiei:

pobeica ab
a b ¢
Halit Shehu
1.28. Dacid a, b, ¢ > 0 astfel incat ab + bc + ca + abc =4, gasiti maximul expresiei:
a) P= 42 + 42 + 42 .
(a+b) +20 (b+c) +20 (c+a) +20
Mathematical Inequalities 6/2020, Imad Zak, China
Bp_12 1, 1
(a+b) +64 (b+c) +64 (c+a) +64
¢) P= 32 32 32

4 + 4 + 4 *
(a+b) +176 (b+c) +176 (c+a) +176
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80 N 80 . 80
(a+b) +448 (b+c) +448 (c+a) +448

2n—1 2n—1 2n—1
e) P= " + " + " neN.

(a+b) +(3n-1)2"  (b+c) +(3n-1)2" (c+a) +(3n-1)2""
1.29. Daca a, b sunt numere reale atunci:
a*+9a> +4 b*+9b> +4
a) > + > >a+b.
5b™ +8 S5a” +8

d) P=

E: 15724, GM 5/2020, Constantin Nicolau
a4+(n+1)2c12+n2 b4+(n+1)2132+n2
2 + 2
(2n+1)b +n(n+2) (2n+1)a +n(n+2)
1.30. Dacd x, y,z>0six +y +z=3, atunci:
1 1 1 1
Q) 5——+—5——+— <-—.
x+8 y +8 z7+8 3
Mathematical Inequalities 6/2020, Rahim Shahbazov, Azerbaidjan
1 1 1
b) —+——+— < 3 ,unden > 7.
X+n y 4+n z +n n+l

b)

>a+b,unde n > 0.

4
. +1
1.31. a) Dacia e R, atunci a> —a +1> [<

b) Dacd a, b € R, atunci @’ + ab + b’ S% (a4 +1)(b4 +1) .

¢)Dacia, b, c € Rsi [[(a’ —a+1)=1, atunci [](a* +ab+b*)<27.
Mathematical Inequalities 2/2020, Marius Stanean
d) Daca a, b > 0, atunci (a3 + 1)(b3 +1) > ab(a + 1)(b + 1) .
e) Daca a, b, ¢ > 0 astfel incat H(cf +1) =8, atunci Ha(a + 1) <8.
Marin Chirciu
1.32. a) Dacd a € R, atunci 2(1—a + az)2 >1+a’.
b) Dacia, b € R, atunci 2(1-a+a’)(1-b+b*)21+a’h’.
¢) Dacda, b, ¢ € R, atunci H(a2 —a+ 1) >1+abc+a’b’c*.

Mathematical Inequalities 6/2020, Vasile Cdrtoaje si Mircea Lascu
1.33. a) Daca a, b, ¢ > 0, atunci:
b+c c+a a+b 4(‘12 +b? +Cz)
+ + >
a b c ab+bc+ca
S514 Mathematical Reflections 2/2020, An Zhenping, China

+2.






